JOURNAL OF APPROXIMATION THEORY 18, 329-345 (1976)

On a Class of Generalized Gonéarov Polynomials
M. NASSIF

Department of Mathematics, University of Lagos, Lagos, Nigeria
Communicated by Oved Shisha
Received May 28, 1975

The convergence properties of the class of Gondarov polynomials {Q:(z; 2, ...,
Z;-1)} generated through the gth derivative (¢ 5 1) are investigated in the present
paper when z; = at*, k > 0, where a and ¢ are any complex numbers. The
investigations carried on here cover the possible ranges of variation of # and ¢,
namely, |7|>, =, <1 when 0<¢g< 1, and |¢]|>, =, <l/g when ¢> 1.
Except for the cases | 7| > 1, g < 1, and | | > 1/q, ¢ > 1, the results obtained
in the present work ensure the effectiveness of the set {Q.(z)} in finite circles.

1. INTRODUCTION

Let (zx); be a sequence of given complex numbers; the Goncarov set
{G(z; 2o ».--5 Zu_1)}, associated with the points (z;), is defined by Gonéarov [5}
to the simple! set of polynomials given by

Go(2) = 1,

G(2) = Gilz; Zg yoery Zi1) = f dslf

N z

Sy Skp—1
ds, f ds, (k>1).
! .

*k—1

These polynomials ““generate” any function f(z) regular in a compact set
containing the points (z;) through the Gonéarov series

0

f@) ~ ) [¥(z) Guz; 20 5eees Zka)- (L.1)

k=0

The Gonéarov polynomials have been the interest of many authors of
whom we may mention Macintyre [6], the author [7], and Abd-el-Monem

1 The reader is supposed to be acquainted with the theory of basic sets of polynomials
as given by Whittaker [8].
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and the author [1]. Putting f(z) = z* in (1.1) we obtain the following con-
structive relations for the Gondarov set

GO(Z) = ls (12)

v =Y (nfn — b)) 28 *Gz; 29 5oy Zy)  (n = 1)
k=0

Recently, Buckholtz and Frank® [3] introduced and extensively studied a
generalization of Gondarov polynomials which can be described as follows.
Let (d,)7 denote a nondecreasing sequence of positive numbers and let
D denote the operator which transforms the function f(z) = Yn.o @.2",
regular at the origin, to Df(z) = Y., d,a,z"t. Writing ¢, = 1, e, =
(dd, -+ d,)t, n = 1, the generalized Gondarov polynomials {P,(z)}, asso-

ciated with the sequence of points (z;)y , are defined by the relations

PO(Z) = 15 (1.3)
en2® = Y. €n 128 PPz Zg yery Zpq) n=1.
k=0
When d, = n, the relations (1.3) reduce to the form (1.2) and hence the
polynomials {P,(z)} will then reduce to the proper Gondarov polynomials
{G(2)}.

In the present paper we propose to investigate the convergence properties
of a certain class of the generalized Gondarov polynomials, namely the poly-
nomials {Q(z)} for which the operator D is the gth derivative operator Dg,
defined by®

D~ 1) = (J@D) ~ f@Vietg ~ ) = 3. [lamt, (14

when f(z) = X,_o @,z", where g is a nonnegative* number different from 1
and [r], called the g-analog of the integer #, equal to (g — 1)/(g — 1). Thus
the class {Qx(z)} of generalized Gondarov polynomials to be studied here,
is constructed as follows.

QO(Z) = ]9 (1.5)

= Y (I — k) 240k 2o v 2o (1 1),
k=0

2 Throughout this work we shall refer to these authors by B. and F.

3 For definition and account on the g-derivative and the g-analogs [n], [#]!, [}, cf, e.g.,
[2; pp. 616-618] .

£ When g = 0, then D, is the shift operator { which transforms f(z) to {f(2) =3 ner
a,z" 1 (cf. [3, p. 350; 11.4-6]) and the corresponding Gonéarov polynomials are the poly-
nomials {B,(z)}, given by z* =3 4o 22 7* Bi(Z; 2y y-e.s Zxa)-
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where [k]! = [1][2] --- [k], is the g-analog of the factorial k!; also, the
Gondarov series (1.1) will now be

@) ~ Y DE(2) Oulz: 2o v Ze). (1.6)
=0

Now, since the study of B. and F. was primarily concerned with the case
where the points (z;)y lie on the unit circle, in order to obtain results of a
new character, we consider here the case where

zp=at* (k= 0),

where a and ¢ are any complex numbers; thus the Gondarov polynomials
considered here are

0(z; a, at,..., at* 1) k=1. (1.7)

As in the case of proper Goncarov polynomials (cf. [1, 7)), the results obtained
in the present work are conclusive, and we write

lal = aq, [t] =B,
and consider the function
¢(Z; t) — Z t‘(l/z)”("’l)z"/[n]!, (18)
n=0

When 0 < g < 1and 8 > 1 or when ¢ > 1 and ¢B8 > 1, this function is
an entire function of order 0. On the other hand, when 0 < ¢ < land8 =1
or when ¢ > 1 and g8 = 1, the function has the circle {z| = 1/(1 — q)
or | z| = g/(g — 1), respectively, as its circle of regularity. If, in the latter
cases, the function ¢(z; t) has zeros inside its circle of regularity, we define
the numbers o and 7 as follows.

c=min[|z|:$(z;1) =01 O<g<1;8=1), (1.9)
r=min[ z]: ¢(z;t) =0] (¢ > 1;98 = 1), (1.10)

so that
O<o <1/l —q); O0<t<gl(g—1). (1.11)

The main results of the present work are formulated in the following
theorems.

THEOREM 1.1. Suppose that 0 << q < 1. When B> 1, the Gonéarov
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set {Qx(z; a, at,..., at* 1)} will be of infinite order, and when 8 = 1, the
Gondarov set will be effective in |z| < r, if and only if, r = r,, where
ry, = afo(l — q) or r, = a according to whether the function ¢(z; t) has zeros
inside its circle of regularity | z | = 1/(1 — q) or not.

THEOREM 1.2. Suppose that q > 1. If gB > 1, the above Gonéarov set
will be of infinite order, and if qB = 1, the Gonéarov set will be effective in
|z| < r,if and only if r = ry, where ry = ag/v(q — 1) or ry, = o according
to whether the function ¢(z;t) has zeros inside its circle of regularity |z | =
q/(g — 1) or not.

The cases of existence or nonexistence of zeros of the function ¢(z;¢)
inside its circle of regularity are exemplified and lead to Theorems 3.1, 3.2,
and 3.3 below. Also, the ranges of variation of ¢ and B, hitherto uncovered
by Theorems 1.1 and 1.2, namely,

0<g<1l and B <1; and g>1 and ¢gB <1,

need special treatment in Sections 4 and 5 below. The results obtained are
given in the following theorem.

THEOREM 1.3. When 0 < g < landB <1, or whengq > 1l and g8 < 1,
the Gonéarov set {Q(z; a, at,..., at* 1)} will be effective in | z | < r, if and only
if, r = a.

2. PrROOFS OF THEOREMS 1.1 AND 1.2

These theorems cover the following ranges of variation of ¢ and ¢
0<g<l1, =1 and g¢g>1, g8>1, 2.1

and the results are derived through the function ¢(z;¢), of (1.8), whose
existence is ensured over the above ranges. In fact, writing

hk(ZO P12 Zk—l) = Qk(O; Zg 50ees zk-—l) (k 2 1)9 (2'2)
for any sequence (z,);, we adopt the notation
uy =1; u, = t~ABRE-DR (1 ¢, t*Y) k=1 (2.3)

Putting in the identity of B. and F. [3; p. 357],

n-1
hn(zo 3eses Zn—l) = - Z (Zz_k/[” - k] ') hk(zo IR Zk—l)7
k=0
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z, = at*, k > 0, and applying (2.3), we obtain

Uy = 1, i (ke Yy, , =0 (n = 1)
k=0
That is to say,
ki wz® = 1/¢(z; 1). 2.4
Zo
We need also the following relation which is deducible from [3, formula (2.9)].
Q.(z; a, at,..., at™) = i (@Frren—k-D([n — k1) yz»%  (2.5)

k=0

‘We now assume that 0 <{ ¢ << 1, 8 = 1 and proceed to prove Theorem 1.1.
When B8 > 1, the function ¢(z; t) is an entire function of zero order and there-
fore it must have zeros in the finite part of the plane. Let

p = min[| z |: ¢(z; ) = 0] < oo;

then by (2.4) we should have
lin’}*swup lug |V = 1/p > 0. (2.6)

Now, adopting the notation

M(r) = sup | Qu(z; g, at,...,at* )| (k= 1), @7

zl<r

then (1.5) and (2.5) imply that

w(r) = Z ([n}Y/[n — k]!) am—*BF=RI M (r)
k=0
= [n]! arBA2R=D | gy | (2.8)

where w,(r) is the Cannon sum for the Gonéarov set {Q,.(2)}. It easily follows
from (2.6) and (2.8) that the set {Q,(2)} is of infinite order.

To complete the proof of the theorem we suppose that 8 =1; in this case
the function ¢(z; t)isregularin| z | << 1/(1 — ). Assuming that this function
has zeros in its circle of regularity, define o as in (1.9). Hence, the Cannon
function for the set {Q,(z)} will, in view of (2.7), be

A(r) = lim sup {w (N}/" = ofo(l — q) = r,.
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Moreover, if o is any positive number less than o, then (2.4) yields®
ug | < Kfoy* (k = 0). (2.9)

Hence, if r = r,, the Cannon function A(r) for the set can be evaluated from
the fact that lim,. . {1/[a}!1}'/" =1 — ¢ and from (2.5), (2.8), and (2.9).
Thus we get

Ar) < (ofopi(l — q)/(1 — @)} r,
where ¢, is an arbitrary positive number less than g. We thus conclude that
Mry=r for 0<r<n and Ary=r for r=r,

and that the set {Q,(2)} is effective in | z | << rif and only if r = r, , where r,
is equal to afc(1 — ¢q).

We now assume that the function ¢(z; ¢) has no zerosin | z | << 1/(1 — gq);
then it can be verified from (2.4) that

“{ES“p Ju, V% <1 — gq. (2.10)

Following the same lines as above, the Cannon function can be obtained for
r = a, through the relation (2.10). Thus we get

A(r) = r (r = o). (2.11)

Since, however, we always have A(r) > o, r > 0, in veiw of (2.8), we can
deduce from (2.11) that the set {Q,(2)} is effective in | z | < r if and only if
r > r, , where r, is here equal to «. Theorem 1.1 is therefore established.

Theorem 1.2 can be proved through a procedure similar to that followed
in the proof of Theorem 1.1 with obvious changes. The proof of this theorem
is therefore omitted.

3. EXAMPLES

The existence and nonexistence of zeros of the function ¢(z; ) in its circle
of regularity are exemplified in the present section.

When 0 < g < 1, 8 = 1, the “no-zero’ case is illustrated by setting r = 1
and it leads to the following familiar result.

THEOREM 3.1. The set {Q.(z)} of interpolation polynomials, given by

5 K denotes positive finite number, independent of k, which does not retain the same
values at different occurrences.
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02 =1, 0x2) = (z — a)z — ag) " (z — ag*™) (¢ < 1; k = 1), is effec-
tivein|z| < r,ifandonly if, r = a.

Proof. Putting t = 1, we obtain the function

o

$(z; 1) = E(2) = ., zM/[nl), (3.1

n=0

which, according to [4; pp. 195-196], has no zeros inside the circle of
regularity | z| = 1/(1 — ¢). Hence, by Theorem 1.1 above, the corresponding
Condarov set {Q.(z; a, a...., a)} will be effective in | z| < r if and only if
r = «. To show that

kI! Ouz; a0, a,.,0) = 2 —a)(z —ag) - (z —ag*?) (kK =1), (B2

we consider the generating function
G(z, w) = Y Ouz; a, a,..., a) "
A=0

Applying the aforementioned reference [4], it can be shown, by (2.4) and
(2.5), that

o0

G(z; w) = []

7=0

1 —awg(l —q))
| — zwg(1 — g) y

f et G ap o
=0 [K]! ’

from which (3.2) follows at once.
When g = 0, the result is otherwise obvious, since the corresponding set
of polynomials

Bi(z; a,a,...,a) = (z — aq) ¥ k=1,

iseffectivein | z| < rifand only if r > «.
The existence of zeros of the function® ¢(z;2), 0 < ¢ <1, B = 1, in its
circle of regularity, | z| = 1/(1 — g), is exemplified by taking ¢ = —1, and

the resulting “two-point” problem is governed by the following theorem.

§When ¢ = 0, the function $(z; —1) =31 (—1)-W/2mn—-Lizn js equal to (z + 1) X
(1 4 2%, which has its zero on its circle of regularity.
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THEOREM 3.2. Let f(z) be an analytic function which is regular in
| z| < of€, where £ is the root of the equation

o —1 k y2k+1
W)= Y e =74 0<E<L (3

k=0

Suppose further that D}f{(—1)"a} =0, n == 0; then f(z) = 0.
Proof. Setting t = —1, we get
$(z; —1) = H(1 — i) E@z) + (1 + D) E(—iz)}  (z| < 1/(1 —q),

where E(z) is the function (3.1). Thus a zero of ¢(z; —D)in|z| < 1/(1 — q)
is given by

E(iz)|E(—iz) = —i. (€X:)]
Putting
z=ul—q) (u] <1, (3.9)
Eq. (3.4) may be put in the form

EI(I—quqJ)*__i’

1 — iug’

or, taking logarithms,

2 (=D
kgo 2k + D1 — g¥+) = —mf4,

which yields (3.3) when x is written for —u.
To show that Eq. (3.3) has a root § lying between 0 and 1, we observe
that A(1; 0) = =/4, and, when g > O, that

4k+1
Hxig) 2 H30) + 3 gy O <x <D

It follows that
h(l; q) = h(1; 0) 4 2q/3 > =/4.

Since A(0; g) = 0, it follows, from the continuity and monotony of A(x; q)
in0<<x<1,that A(¢;q) = w/d for 0 < € < 1.

Applying Theorem 1.1 to the foregoing Gondarov set {Q.(z; a, —a,...,
(—1)*1a)}, we deduce that this set will be effective in | z | <C of§, in view
of (3.5). In this case the basic series (1.6) for the prescribed function f(z)
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of the theorem identically vanishes. Hence f(z) = 0 and the theorem is
proved.

Now, when g > 1, g8 = 1, the results are quite similar. Thus if ¢ = 1/g
the resulting set is’

k]! Qu(z; a, afg,..., a/g*™) = (z — a)(z — ag™) - (z — ag™*™),

which is effective in | z | < r if and only if r = «. Also, if we putt = —1/g,
a result similar to that of Theorem 3.2 is obtained; it is stated as follows.

THEOREM 3.3. Let f(2) be an analytic function which is regular in
| z| < of, where & is the root of the equation

© )t x2E41
h(x; u) = kz=:0 2k Sf— 1))(]xv uPE 1) = m/4, u=1/q.

If" Dif{(—D)"ajg™y =0,n = 0, then f(z) = 0.

Finally, we observe that, when we take ¢ = ¢*%, g < 1, then (2.3) and (2.4)
imply that

lim sup | (1, ¥,..., e DO/ — 1/o(f),

where o(6) is the modulus of a zero of least modulus of the function ¢(z; §) =
S o e~inn-8 .zl (if this zero exists) in |z | < 1/(1 — ¢). Applying
therefore the result of B. and F. about the Whittaker constant W [3; p. 351],
we conclude that, corresponding to the operator D, , ¢ < 1, we shall have

WD) < 05" £2ﬂ o(8).

4. INTRODUCTORY STUDY OF THE CASES: ¢ < 1,8 << 1 AND g > 1,98 < 1

The investigation in this and the following section concerns the ranges
of variation of ¢ and g hitherto unconsidered, namely,

0<g<1, B<1 and gq>1 B<Iljg @.1)

In These ranges of variation of g and ¢, the function ¢(z; t), through which
the study has been hitherto made, is undefined and a different procedure
has to be followed. Following the pattern of study carried out for the proper
Gondarov polynomials (cf. [1]), it is proposed to establish here an identity

71t should be observed that, when ¢ > 1 and f(z) is regular in | z | < r, then D,f(z)
will be regular in { z | < r/q.

640/18/4-3
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analogous to Euler’s formula for homogeneous functions. Application of
this identity, which is actually obtained in Lemma 4.3 below, leads to the
construction, in Theorem 5.1 below, of an explicit upper bound for the
maximum modulus M,(r), given by (2.7). The proof of Theorem 1.3 above
is a mere application of this bound. We first establish the following two
introductory lemmas.

LeMMA® 4.1. For k = 1, we have
Oul(z; 29 5eees Z11) = hilZg 5 24 eees Zu)) — M(2Z, 23 souey Ziy). 4.2)
Proof. For k = 1, we have, from (1.5),
0i(z; 20) = z — zp = hi(2e) — My(2),

so that (4.2) is true for k == 1. Suppose that (4.2) is satisfied for
k =1,2,..,n— 1. Hence (1.5) and (4.2) imply that

n k
Qn(Z; ZO 3 Z1 geees Zn—l) = [n]| + Z k(za Zl FARRS ] Zk—l)
z.n n—1 zn—k
- [no], - ﬁ h(zo 5 21 505 Za1)
: r—1 :

= h'n(ZO 3 21 50ees Zn—l) - hn(Z, 2 senes zn—l)'

Thus (4.2) is established.

LemMA 4.2. When 1 < k < n, the following relation is true.
[D:ZQn(Z; Z1 senss Zn)]z=zk = quan—k(Zk 5 k1 50res Zn)- (43)

Proof. We first establish the following property of the g-derivative
operator D,

Di{zf)2)} = zDif(2) + [j] i (g2) @4

for any positive integer j, where f(z) = Y., @,2", is any function regular
about the origin. In fact, if [n}; =[nlln — 1] - [n—j+ 1}, 1 <j<n,
then it is seen that

n + 1), — [n}; = [j1g" 7 n)iy - (4.5

& Identity (4.2) can be proved for the generalized Gonéarov polynomials of B. and F.
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Hence, we obtain, from Definition (1.4) of D, and from (4.5),

n

Dizf @} = ¥ [n-+1)a,zm 4

n=j-1

=z i [n); @uz® + [j] i [n];—1 an(gz)™+,

n=j n=j-1
which is (4.4). Putting f(z) = Q,(z; z; ,..., Z,) into (4.4) we get
DZ{ZQH(Z; Zy geeey Zn)} = ZDtlIch(Z; 2y yores Zn)
-+ [k][D:;_lQn(g; Z3 yeery zn)]E=az .

The B. and F. formula [3, formula (2.6)] is now applied to the above relation;
thus we obtain

[Dlg{an(za zl EARRYS Zn)}]z=zk
= Zan—k(Zk 5 Zpid seves zn) + [k] Qn——k+1(qzk 5 ZE seees Zn)- (46)

An appeal to Lemma 4.1 for the polynomial @, ., on the righ-hand side
(4.6) readily yields

Qn—k+1 qzk s Zg yeeny zn) = hn—k+1(zk ’ Zk+1 3mesy zn) - hn—k+1(qzk s Zk+1 aveey Zn)

=(q — 1) 23 QnlZr 5 Ziay 5eees Zn)

Insertion of this relation into (4.6) leads to the required relation (4.3), and
the lemma is proved.
The analog of Euler’s formula® is obtained in the following lemma.

LEMMA 4.3. The Gonéarov polynomials {Q,(z)} satisfy the following
identity.

[n] Qn(z> ZO 300y Zn——l) = an—l(Z; Zl 3sed Zn-—l)

n—1
- Z 9*2:01(2; 2 5oves Z1m1) * Onor—1(Zi 3 Zpy1 5oy Zng) (21 (A7)
%=0

Proof. Being a polynomial of degree » in z, zQ,_,(z; z, ,..., z,_;) admits
a unique linear representation of the form

200 (25 Z1 4eres Zp1) = Gg -+ Z a,0,z; Zg ..., Zj-1)- (4.8)
3=1

® Cf. Macintyre [6; p. 242, 1. 16, and formulas (2.2), (2.3)].
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First, we put z = z, in (4.8) to obtain

ay = 20Qn-1(Z0 5 Z1 sorey Zne)- 4.9

Moreover, in view of (1.5) and comparing coefficients of z* on both sides
of (4.8), we deduce that

a, = [n]. (4.10)

Finally, to obtain the coefficients (a;)}™", we operate on both sides of (4.8)
by D¥ and put z = z, ; thus

[D:{an—l(z; Z1 500y Zn—-l)}]z=zk = Z ai[Déch(z; Zp 5eeny za‘—l)]z=zk-
9=k
Hence, Lemma 4.2 implies that

ax = q*2kQn—1-1(Zk 3 Zita 5oees Zn1),s 4.11)

and hence the required identity (4.7) follows from (4.8)-(4.11). Lemma 4.3 is
therefore proved.

When z, = at*, Lemma 4.3 leads to the following recurrence inequality
between the maximum moduli M (r) of (2.7).

LEMMA 4.4. Whenn = 2 andr > o, we have
[7] Ma(r) < (r + o) B 2M,_y(r/B)
n-1
+ o Y, g BRI (r) My _y_y(a/B). 4.12)
k=1
Proof. Putting z, = at* in (4.7) we obtain
[1] Q.(z; a, at,..., at™™) = zQ,_,(z; at,..., at™?)

n-1
—a Y, q*t*Qu(z; a, at,..., at* 1) Q,_;_,(at*; ar**1,.., at™Y).
k=0

Whence, applying B. and F. formula [3; formula (2.5)], it follows that
[n] 0u(z; a, at,..., at™Y) = zt*71Q, _,(z/t; a, at,..., at™?)

n—1
—a Yy gr*e-R-10,(z; a,..., at*™) Q. (a/t; a,..., at"*%).  (4.13)
k=0

The required inequality (4.12) follows from (4.13), when # > 2, on account
of the fact that M, _,(«/B) < M,_,(r/B), if r = a.
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5. MAIN RESULT

The main result of the foregoing study covering the ranges (4.1) of variation
of ¢ and 88, and leading to the proof of Theorem 1.3 above, is an upper esti-
mate of M,(r)in terms of r, ¢, and 8. In fact, putting

B2 =y <1 when 0<g<]l, CRY
and

@Bz =n<1 when gq>1, (-2)

the following theorem is to be established.

THEOREM 5.1. Suppose thatn = 2andr = o. Then

(i) wheng =0,8 <1,

M, (r) < ﬁ (r + «f?; (5.3)

=0

(i) when0 < g < 1,8 <1,

M) <" + o 1j (r -+ 20jy); (5.4)

and
(iil) whenq > 1, g8 < 1,

r+ oA

). (5.5)

Proof. First of all, for r = 0, 1, we have, from Definition (1.5) of the
set {Qx(2)},
My(r) =1, M) =r+ a (5.6)

Now, for assertion (i) of the theorem, putting g = 0 in (4.12), we get

My(r) < (r + o) B*T M, (r/B),

which implies (5.3) by reduction.
To establish the remaining assertions of the theorem we observe that easy
calculations from (4.12) for n = 2 lead to the inequalities

My(r) < (r + /21D +20y) O <g<LB<Lir>=a), (5.7
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and
My(r) < (¢ + )/R2INC +20m)  (@>15gB<1;r=a). (58)

Thus (5.4) and (5.5) are both true for n = 2. To proceed further it should
be noted that

[Z]<(Z) A<k<nm0<g<), (5.9)
and therefore
[Z] qu("_k)(Z) A<k<ng>10. (5.10)

Also, a straightforward arithmetic calculation implies that

(r + op)(r + 204 = (r + 200)(r + dops?)
— opr + 202 — 20u¥(r + 20u), (5.11)
where r, «, u are positive numbers.

We now suppose that 0 << ¢ < 1, 8 < 1; putting n = 3 in (4.12) and
applying (5.1), (5.6), (5.7), and (5.9) it can be verified that

[B1! My(r)/(r + &) < (r + ay)(r + 209®) + 2ay¥(a + ay) + ay*(r + 2ay).
(5.12)
Whence, an appeal to (5.11), with u = v, gives

B My()/(r + o) < (r + 209)(r + 4oy?).

Thus (5.4) is true for n = 3 also; assume the validity of (5.4) for
n=2734,..,m where m > 3, write n = m + 1 in (4.12) and apply (5.1),
(5.4), (5.6), and (5.9) and the fact that 0 << ¢ << 1. The following inequality
is thus easily arrived at

m—1
[+ 1 Mpr(DJr + @) < (r + ay) [] (7 + 205777

=1
m—2
+ a2 () L+ ) TT (o + 207
j=1

m—1

m k-1
+ ol +y) 3 ( X ) yRm=R % [T+ 2057)
k=2 =1

m—k~1 m—1
X g T («+ 2aj'y”1)§ + ay? [T (r + 2ajy?). (5.13)

i=1 1=1
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We then turn to the case where ¢ > 1, g8 < 1. The alternative of (5.12)
is obtained through (4.12) with n = 3, (5.2), (5.6), (5.8), and (5.10), in the
form

[B1 Ma(r)/(r + ) < (r + am)(r + 2an?) + 2an*(o + an)
+ on(r + 2am),

which is exactly the same as (5.12) with % written for y. Hence we similarly
get

BY My()/(r + o) < (r + 20m)(r + 4an?),

and (5.5) is true for »n = 3. Supposing that (5.5) is satisfied for
n=2,3,4,.., m m > 3 and proceeding in the same way as above, applying
(5.2), (5.6), and (5.10), the following inequality can be obtained

[ + 11! My (P + ) < (r + o) [] (7 -+ 207

m—2

+ o (7)) TT (o + 2097+
=1

m=1
+ ol + MY | onimi1—n)
o+ Y (% )m

k-1
[T+ 2o7)
J=1

m—1
+ an?» 1_[ (r + 204m%). (5.14)

=1

X

m—k—1
I (x + 297
=1

Now (5.14) is exactly of the same form as (5.13) with » written for , and the
right-hand sides of both (5.13) and (5.14) are of the same form as that of
[1, p. 618, formula (3.6)]. Hence we conclude that

[+ 11 My a®)f(r + o) < [[(r 4+ 20p) (0 <q <18 < 1),
j=1

and

[ + 11! Mpa(P)f(r + o) < ﬁ (r+2a0p)  (¢>1:qB <),

Therefore (5.4) and (5.5) are established and the proof of the theorem is thus
complete.
We are now in a position to prove the main Theorem 1.3.

Proof of Theorem 1.3. Suppose that f(z) is any function regular in
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lz] <r, where r > «. Then there is a number r; > r such that
1 f(@)) < M < owin|z| < r,and consequently we have
| FOO)Kk | < Mirnt (k= 0). (5.15)
Now, since
(m+n) !
Dif(z) = Z LA C/N L o L (5.16)

ACES I T "
then, applying (5.9) for the case ¢ < 1, B <1 and (5.10) when ¢g > 1,
gB < 1, we obtain, from (5.15) and (5.16),
nef M
|qu(dt )| < 71"(1 _ OLB"/VI)

Min]! ry
S - affr)n it

(g =0;8 <1,

O<g<LA<LD, (517

Minl' r; .
SHoagpyn @7 BE<D

Choose the number r’ such that
r<<r <r, (5.18)
and the integer #, so that
F+afl <r r+ 2ajy <r’ F+ 2omf < r,

for j > ny, where y and 7 are defined in (5.1) and (5.2), respectively. Hence
(5.3), (5.4), and (5.5) imply for n > n,, that

M, (r) < Kr'™/[n]! O<g<landB < 1l,orqg >1and¢gB < 1)
(5.19)
Finally from (5.17), (5.18), and (5.19) we conclude that the Gondarov series

i Dyf(at™) Q,(z; a,..., at™™),
n=0

associated with f(z), will represent f(z) in | z | < r. Theorem 1.3 is therefore
established owing to the fact that A(r) = «, r > 0.
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